Abstract. The main goal of this exposition is to present further analysis of the Kantorovich and Ando operator inequalities. In particular, a new proof of Ando's inequality is given, a new non-trivial refinement of Kantorovich inequality is shown and some equivalent forms of Kantorovich inequality are presented with a Minkowski-type application.
(2) f is operator monotone increasing if and only if f is operator concave.
The Choi-Davis inequality states that [5, 7] (1.1) f (Φ(A)) ≤ Φ(f (A)), for all self adjoint operators A ∈ B(H) with spectra in the interval J, all operator convex functions f : J → R and all unital positive linear mappings Φ : B(H) → B(K).
In particular, if A > 0, then
since f (t) = t −1 is operator convex on (0, ∞). The inequality (1.2) can be reversed under the additional condition that 0 < mI ≤ A ≤ MI, for some scalars m, M as follows [10, 14, 17] (
Among many other equivalences, we shall prove that (1.3) is equivalent to
Recalling that the geometric mean of two positive invertible operators A, B is defined by
it is shown in [14] that ( (x ∈ K, x = 1) .
As a corollary (see [9, Theorem 1.4 ]), we see that if A is a positive operator, then
If the operator is positive and invertible, (1.6) is also true for r < 0.
A strongly related inequality, that we will discuss, is the celebrated Ando's inequality stating [2] (
where A and B are two positive operators and Φ is a unital positive linear map.
In this article, we first present a new proof of (1.7). This will help better understand this celebrated inequality. Then, we use Kantorovich-type inequalities to present the reverse of Ando's inequality. One this is done, we present a non-trivial refinement of (1.5). Further discussion of the Kantorovich inequality is presented via several equivalent forms and some applications are presented including a submultiplcative inequality for unital positive linear mappings and an operator Minkowski-type inequality.
Ando's inequality
In this section, we first present a new proof of Ando's inequality, then we prove a reversed version of Ando's inequality.
Recall that for positive invertible operators A and B, the Riccati equation Let X = A♯B and let Φ be a unital positive linear map. It follows from Choi's inequality [6,
Therefore,
Since f (t) = t 
Consequently,
which is equivalent to
This proves Ando's inequality. 
Proof. For the given Φ and A, define the positive unital linear mapping Ψ by Ψ (X) ≡
which implies the desired inequality.
In fact, Ando's inequality follows from a more general result that
where A, B are positive and σ f is an operator mean with representing function f . In the next result, we show that if f is operator convex, then Ando's inequality is reversed, then we show that this reversed Ando inequality implies (1.2). 
where the connection σ f is defined by
Proof. For the given parameters, define
Then Ψ is positive unital. Since f is operator convex, (1.
and apply this latter inequality to get
as desired.
Interestingly, Theorem 2.1 implies (1.2), as follows: In Theorem 2.1, let f (t) = t 2 and B = I. Since f is operator convex, we may apply the theorem. Direct computations show that
Remark 2.1. We remark that in Theorem 2.1, if we let A = I, we get
an inequality that is equivalent to the fact that f is operator convex. That is, this shows that the inequality in Theorem 2.1 is equivalent to the fact that f is operator convex.
Further analysis of the Kantorovich inequality
This section is devoted to the study of Kantorovich inequality (1.3); where we begin by giving multiple equivalent statements. It should be remarked that these individual statements are well known, but their equivalence is the aim of this Theorem.
In the proof of the next result, we will use the following observation. Let Φ be a given unital positive linear map and let Φ ′ be another unital positive linear map. Then (1.7) implies
Theorem 3.1. Let A ∈ B (H) satisfying mI ≤ A ≤ MI for some scalars 0 < m < M. Then the following assertions are equivalent.
for any unit vector x ∈ K and any positive unital linear mapping Φ :
I for any unital positive linear mapping Φ :
Assuming that (ii) is true. Using (1.6) we see that for any unit vector x ∈ K,
This implies the desired result.
(ii) ⇒ (iii)
we get
One the other hand, by (3.1),
we get for any unit vector x ∈ K,
As shown in [17] , (i) implies (iii), but here we give another proof. 
This yields
By (3.1), we have
as desired. 
which implies (ii):
By taking Ψ (X) ≡ Φ (A)
, where Φ is an arbitrary unital positive linear map in (i), we obtain
This implies
By taking inverse we infer
Assuming (iv) and replacing A with A −1 , we obtain
for any unital positive linear mapping Φ. Again, defining Ψ (X) ≡ Φ (A)
and applying this latter inequality to Ψ, we obtain
as required. This completes the proof.
We have seen that the Kantorovich inequality (1.3) is equivalent to the inequality
Next, we present a non-trivial refinement of (3.2), as follows. 
Proof. Kantorovich inequality states that if mI ≤ A ≤ MI and Φ is unital positive linear map, then
Noting operator monotony of the function f (t) = t 1 2 , we have
On the other hand, from [13, Corollary 2.13], we infer that
This completes the proof.
In what follows, we present a reversed version of [6, Proposition 4.3] using (iv) in Theorem 3.1. 
and applying the latter inequality for Ψ, we obtain
We notice that (ii) in Theorem 3.1 is a particular case of the following more general result, whose proof is an implementation of the well known Mond-Pečarić method. 
holds, where
It follows from the continuous functional calculus that
The assumptions on Φ implies
Thus, for any unit vector 
and
Proof. From the Choi-Davis inequality, we have
which then implies 
since f is convex. Now since f −1 is operator monotone, α > 1, the latter inequalities imply
Combining (4.7) and (4.5) imply
This proves the first inequality. To prove the second inequality, recall that if g is operator
By assumption, f −1 : (0, ∞) → (0, ∞) is operator monotone, hence is operator concave (Proposition 1.1). So, applying (4.8) using g = f −1 , we obtain
where m ′ = min{f (t) : m ≤ t ≤ M} and M ′ = max{f (t) : m ≤ t ≤ M}. Adding we get
where
is defined as in (3.4) and β p is as in (4.10). In particular, when p = 2, 
We conclude this section by presenting the following Minkowski-type inequalities, as an application of Corollary 4.1. 
, and (4.17) In particular, we have the following. .
Proof. By applying inequalities (4.16) and (4.17) for positive linear mappings Φ i : M n → M n determined by Φ i : T → w i T , i = 1, . . . , k, we get (4.18) and (4.19).
A counterexample
In studying equivalence of inequalities (1.3) and (1.5), we first tried to prove the following inequality:
